The ill-posed problem of aerosol size distribution determination from a small number of backscatter and extinction measurements was solved successfully with a mollifier method which is advantageous since the ill-posed part is performed on exactly given quantities, the points r where n(r) is evaluated may be freely selected. A new twodimensional model for the troposphere is proposed.
INTRODUCTION
Atmospheric aerosols play an important role in many atmospheric processes, e.g. in the complex processes of tropospheric ozone production and of stratospheric ozone destruction. Aerosols provide surfaces for example for chemical reactions which activate Cl from CFCs. One of the key aspects in a further understanding of the importance of aerosols is the investigation of the spatial and temporal variability of their microphysical properties, e.g. parameters describing their mean size and surface-area concentration, see {Weidauer et al] Ref. 1 . The problem of determining the aerosol size distribution function n(r), by multispectral lidar measurements, belongs to the class of problems in mathematics called nonlinear inverse ill-posed problems.
MULTIWAVELENGTH LIDAR FOR AEROSOL INVESTIGATIONS 2.1. Scattering processes
The scattering of light by aerosols depends on their abundance, size distribution, composition and phase. As typical atmospheric aerosols have sizes in the range from 0.1 micron to several microns, their size is comparable to the wavelength of light. Therefore, their scattering and extinction properties show a wavelength dependence. This allows to investigate the properties of aerosols by the observation of backscattered light from laser pulses (lidar principle at various wavelengths). A multi channel detector collects the backscattered photons simultaneously on the emitted wavelengths and on others corresponding to inelastic backscattering. The elastic backscatter signal at the emitted wavelengths usually depends on the Rayleigh and Mie scattering processes only. (Absorption by trace gases will be neglected here.) Therefore they carry information about the air density (Rayleigh or molecular scattering) and about the aerosol backscatter coefficient (from aerosol scattering, which in simple cases can be described by Mie's theory). This is described by the "lidar equation" given in formula (1).
The inelastic backscatter signals originate from vibrational Raman scattering with the water, nitrogen and/or oxygen molecules of the atmosphere. They are recorded simultaneously with the corresponding elastic backscatter signals. While the Raman scattering process itself does not produce information about aerosols, the light intensities available for Raman scattering depend on the extinction experienced on the way between the light source (laser), the Raman scattering altitude, and the detector. Therefore the aerosol extinction coefficient can be obtained from these observations.
The purpose of aerosol investigations by lidar are to determine properties of the aerosols, which are deductible from their optical effects. In equations (1) , (2) , and (3) , which describe the scattering and extinction processes, the particle number densities n(r) (r is the particle radius and n(r) describes the size distribution function) and the refractive index m appear. The problem of inverting the lidar equation is to obtain these functions from measured lidar data. Until recently this was done by assuming a shape of the size distribution function, usually a log-normal distribution, and by calculating according to Mie's theory synthetic lidar data at the wavelengths used. A fitting procedure is then employed to determine, which set of parameters describes the measured data best, see e.g. [Hamill et 
Depolarisation measurements
As the laser light at 532 nm is linearly polarised, we can determine the depolarisation characteristics of the involved scattering processes. The small depolarisation effect of Rayleigh scattering is well known, see [Young] Ref. 6 . The depolarisation effect of aerosol scattering depends on the shape of the particles. According to Mie's theory, spherical, homogeneous particles do not change the polarisation state of the incident radiation. However, as soon as the particles become aspherical or inhomogeneous, the polarisation state of the scattered light changes with respect to that of the incident light. This effect is used here to discriminate measurements of aerosol scattering at spherical and non-spherical particles.
Refractive index
The scattering and extinction coefficients of aerosols depend on their refractive index, which in turn reflects the material composition. In the case of stratospheric aerosols, only a limited number of compositions have to be considered. Volcanic aerosols consist of sulphuric acid, which condenses following the oxidation of gaseous sulphuric dioxide. This is by far the main component of stratospheric aerosols, as solid volcanic material sediments already after a very short time after a volcanic eruption event. Accordingly also the stratospheric background aerosol layer consists of sulphuric acid (the Junge layer). The refractive index of these aerosols can be calculated by the LorentzLorenz formula from known atmospheric temperatures and water contents. In the stratosphere of the polar regions at least two more types of aerosols exist, so called Polar The mathematical model for such a LIDAR messuring process consists of one nonlinear and two linear integral equations. These are the LIDAR equation
(where A is the wavelenght, z the height, C is a specific quantity of the messuring apperatus, P the intensity of the emitted signal, P the intensity of the detected signal, /3 is the backscattering coefficient, a the extinction coefficient) and the Fredhoim integral equations of the first kind for backscattering and extinction coefficients IAer and aAer Aer(A z) = K(r, A; m) n(r, z) dr = f r2 Q(r, in) n(r, z) dr , (2) aAer( z) = Kext(r, A; m) n(r, z) dr = f r2 Qt(r, A; m) n(r, z) dr , (3) where r is the particle radius, in the refractive index, n the aerosol size distribution we are looking for, I the The mathematician Hadarmard wrote: A mathematical problem is said to be well-posed if it has a unique solution and the solution depends continuously on the data. A problem which is not well-posed is said to be ill-posed.
The conclusion is simple. The application of standard numerical techniques might yield nonphysical "solutions".
The integration with K in (2) and Ket in (3) has a "smoothing" effect on n in the sense that high-frequency components, cusps and edges in n are "smoothed out" by integration. We can therefore expect that the reverse process, i.e. that computing n from 9' or a, will tend to amplify any high-frequency components in /3' or aAe First, we replace the original ill-posed problem of finding n(r, z) by a new problem of finding n(r, z). The new problem is well-posed, depends on a parameter 7> 0, and in the absence of noise in the data, is consistent with the original problem. Second, in the presence of noise in the data, with a fixed value of the parameter 7> 0, we solve the new problemnot the original one -which is stable with respect to perturbations in the data. 
X is a space of functions and Y is a finite-dimensional space of measurements. We use X = L2([r,,, rb]) for a suitable intervall ft,, rb] C R. Suppose N measurements /1N are available which represent values of linearly independent functionals on an unknown function n. Now we replace the original ill-posed problem of finding n(r) by a new well-posed problem of finding n.(r), i.e. instead of n we compute the approximation n-. with a suitable mollifier e-, thus reducing the high-frequency components in the solution which are mostly affected by the data noise.
The idea is to estimate a smoothed version n(r) = E-n(r) of n(r) by a linear combination fl_y 'PyiI11++0yN/1N (9) 0,35 a by appropriately shaping the coefficients p (r) , . . . , o-N(r) which means that we have to compute the reconstruction kernel (p1 (r) RN for all reconstruction points r. These values are precomputed independently of the data, i.e. the inversion operator is precomputed without using the data p see {Louis] Ref. 12 . y > 0 is the so called smoothing parameter acting as a regularization parameter. In order to obtain a stable approximation of n(r) , we select a smoothing operator E with 1im.0 E.n(r) = n(r), see {Louis/Maaf3J Ref. 13 The first motivation of the method is based on the following idea. We recognize, that for y = 0 w..N (r, s) has to approximate the delta distribution ö(r -s). We have to look for mm wN(r, s) -5(r -.s) 1 . Since this problem can not be solved in the function space L2 , we replace the delta distribution by an approximation e , the so called < n (f(e(r,s) -fr)K(s,j))2 ds).
There are different possibilities for mollifier functions, e.g.
where x is the characteristic function, here local averages of the solution are computed. The mollifier e-2 is a band-limiting filter eliminating the high-frequency components in the solution, see 
It is important to mention that no artificial discretization of n is needed as introduced by projection methods, see Reconstructions with e-72 and y = = 1/17 for the first size distribution n1 (r) are shown in Fig. 3 (left) with noisy data, 3% noise. We use a truncated singular value decompostion for the solution of the linear equation system (16) . If we solve the block system seperatly, we recognize that for the backscatter system no truncation has to be used. But for the extinction system we have to truncate two singular values. The reason is the high degree of ill-posedness of equation (3). The discrete equation (16) 16 . In fact of this, the are computed by using truncated singular value decomposition, i.e. by discrete regularization with a rather small regularization parameter. The fine regularization is achieved by the parameter y in e-. The backscatter-reconstruction with €2 (yp 1/50) and truncation of four singular values for the second size distribution n2(r) with exact data is shown in Fig. 3 (right) . The extinction reconstruction was not successfull. The conclusion is that the inversion via the backscatter integral equation is more stable. It is important to mention that we do not require an initial size distribution, i.e. we start without a special shape of the size distribution and we execute no fit. Secondly, we carry out a new connecting application. We take the same assumptions as before. There are N1 measurements of j3(A3), i = 1, ..., N1, N2 measurements of a()t7), j = 1, ..., N2 Aer(A) = j J K(r, A, in) n(r, in) din dr and 4eA) = J j K6,t(r, ), in) n(r, m) din dr (25) ra ma ra ma in the form of two Fredhoim integral equations. This problem can be solved by a two-dimensional mollifier method. The result, first in the absence of noise in the data, is a two-dimensional size distribution function nfr, m) .We obtain from this function the number k of different species, the refractive indices rn2 , i = 1 , . . . , k, and the size distributions nfr, rn) , i = 1 , .. . , k of the different species.
The kernel functions K and
To determine the size distribution of particles in the troposphere and stratosphere with LIDAR mesurements we have to make assumptions about the shape and material composition (e.g. the refractive index) . These properties are reflected in the kernel functions K and Kext . We consider spherical particles which can be inhomogeneous and absorbing. Absorbing particles exist in the troposphere. For absorbing particles the refractive index is complex. We model the inhomogeneities considering core and cover of a spherical particle and different layers between both, see [Kerker] Ref. 
